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ABSTRACT 



During the years 1993-96, there has existed an active 
discussion group entitled "Using Open-Ended Problems in Mathematics" as a 
part of the scientific program of the Psychology of Mathematics Education 
(PME) conference. This report contains revised versions of presentations 
given in the discussion group. Since the PME is an international organization 
and the presenters were selected from different parts of the world, this book 
gives a worldwide view of the use of open-ended problems in the mathematics 
classroom. Most contributors hail from Australia, Japan, and the United 
Kingdom since in these countries, there is a long tradition of using 
open-ended problems. There were also presentations from other countries 
including Finland and Taiwan. Most of the papers concentrate on the 
realization of mathematics teaching with open-ended problems and give a 
variety of examples. There are also two critical papers that bring forth some 
uncomfortable and unasked questions regarding the use of open-ended problems. 
Papers include: (1) "Introduction To the Concept 'Open-Ended Problem'" (Erkki 

Pehkonen) ; (2) "Implementing Open Problem-Solving, Some Pitfalls of 

Curriculum Development through Assessment in the UK" (Paul Blanc) ; (3) "On 

the Open-Ended Nature in Mathematical Problem Posing" (Shuk-kwan S. Leung); 

(4) "Testing Problem Solving in a High-Stakes Environment" (Barry McCrae and 
Kaye Stacey) ; (5) "The Institutionalisation of Open-Ended Investigation.: Some 

Lessons from the U.K. Experience" (Candia Morgan) ; (6) "Communication and 

Negotiation through Open- Approach Method" (Nobuhiko Nohda and Hideyo Emori) ; 
(7) "Use of Problem Fields as a Method for Educational Change" (Erkki 
Pehkonen) ; (8) "On the Use of What- If -Not Strategy for Posing Problem" (Hye 

Sook Seo) ; (9) "Learning Mathematics through Exploration of Open-Ended Tasks: 

Describing the Activity of Classroom Participants" (Peter Sullivan, Dianne 
Bourke, and Anne Scott) ; (10) "Teaching Children To Think Mathematically" 

(Howard Tanner and Sonia Jones) ; and (11) "Literature on Open-Ended Problems" 
(Erkki Pehkonen) . (Author/ASK) 
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UNIVERSITY OF HELSINKI 
DEPARTMENT OF TEACHER EDUCATION 

Research Report 176, 1997 



Erkki Pehkonen (ed.) 

Use of open-ended problems in mathematics classroom. 130 pp. 



Abstract 

During the years 1993-96, there has existed an active discussion group 
"Using Open-ended Problem in Mathematics" as a part of the scientific 
program of the PME (Psychology of Mathematics Education) conference 
which discussion group has been organized by the editor. This book 
contains the revised versions of almost all presentations given in the 
discussion group. 

Since the PME is an international organisation, and the presenters were 
selected from different parts of the world, the book will give a world- 
wide look on the use of open-ended problems in mathematics classroom. 
The most contributors are from three countries: Australia (Dianne 
Bourke, Barry McCrae, Anne Scott, Kaye Stacey, Peter Sullivan), Japan 
(Hideyo Emori, Nobuhiko Nohda, Hye Sook Seo) and United Kingdom 
(Paul Blanc, Sonia Jones, Candia Morgan, Howard Tanner), since in 
these countries there is a long tradition in using open-ended problems. 
But there were also presentations from other countries: Finland (Erkki 
Pehkonen) and Taiwan (Shuk-kwan S. Leung). 

Most of the papers are concentrated around the realization of mathema- 
tics teaching with open-ended problems, and will give a big variety of 
examples. But there are also two critical papers (Paul Blanc, and Candia 
Morgan) which bring forth some uncomforma table and unasked ques- 
tions about the use of open-ended problems. 

Keywords: open-ended problem, investigation, mathematics teaching 
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HELSINGIN YLIOPISTO 
OPETTAJANKOULUTUSLAITOS 

Tutkimuksia n:o 176, 1997 



Erkki Pehkonen (toim.) 

Avoimien tehtavien kaytto matematilkan tunnilla. 130 s. 



Tiivistelma 

Vuosina 1993-96 kokoontui aktiivinen keskusteluryhma "Avoimien 
tehtavien kayttaminen matematiikan tunnilla" osana PME-kokousten 
(Psychology of Mathematics Education) tieteellista ohjelmaa, jonka 
keskusteluryhman oli allekirjoittanut organisoinut. Tama kirja sisaltaa 
melkein kaikkien keskusteluryhmassa esitettyjen alustusten korjatut 
versiot. 

Koska PME on kansainvalinen organisaatio, ja alustajat valittiin eri 
puolilta maailmaa, niin kirja antaa maailmanlaajuisen kuvan avoimien 
tehtavien kayttamisesta matematiikan tunneilla. Useimmat alustajat 
olivat seuraavista kolmesta maasta: Australia (Dianne Bourke, Barry 
McCrae, Anne Scott, Kaye Stacey, Peter Sullivan), Japani (Hideyo 
Emori, Nobuhiko Nohda, Hye Sook Seo) ja Yhdistyneet kuningaskunnat 
(Paul Blanc, Sonia Jones, Candia Morgan, Howard Tanner), koska naissa 
maissa on avoimien tehtavien kayttamisella pitka traditio. Mutta 
mukana oli myos alustuksia muista maista: Suomi (Erkki Pehkonen) ja 
Taiwan (Shuk-kwan S. Leung). 

Useimmat alustukset keskittyvat avoimia tehtavia kayttavan matema- 
tiikan opetuksen ymparille, ja ne antavat laajan valikoiman esimerkkeja. 
Mutta joukossa on myos kaksi kriittisesti suhtautuvaa artikkelia (Paul 
Blanc ja Candia Morgan), jotka ottavat esille joitakin epamukavia ja 
julkilausumattomia kysymyksia avoimien tehtavien kayttamisesta. 

Avainsanat: avoin ongelma, tutkimustehtava, matematiikan opetus 
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Introduction to the concept "open-ended problem" 

Erkki Pehkonen 
University of Helsinki, Finland 



In the conference on Psychology of Mathematics Education (PME-17, 
Tsukuba, Japan) in July 1993, there was a discussion group on the use of 
open-ended problems in mathematics classrooms, conducted by the 
author. For structuring the discussion, there were four brief presenta- 
tions from different parts of the world. These presentations were 
elaborated into written form, and published as a theme "Using Open- 
ended Problems in Mathematics Class." in the journal International 
Reviews on Mathematical Education (see Pehkonen 1995). In a way, this 
theme formed a continuation for the earlier theme "Problem Solving in 
Mathematics" published some years ago (see Pehkonen 1991). The 
discussion group has its continuation in the PME conferences of three 
following years (Lisbon 1994, Recife 1995, Valencia 1996). 



A brief history of open-ended problems 

The method of using open-ended problems in classroom for promoting 
mathematical discussion, the so-called "open-approach" method, was 
developed in Japan in the 1970's (Shimada 1977). About at the same time 
in England, the use of investigations, a kind of open-ended problems, 
became popular in mathematics teaching (Wiliam 1994), and the idea 
was spread more by Cockcroft-report (1982). In the 1980's, the idea to 
use some form of open-ended problems in classroom spread all over the 
world, and research on its possibilities is very vivid in many countries 
(e.g. Nohda 1988, Pehkonen 1989, 1995, Silver & Mamona 1989, Williams 
1989, Mason 1991, Nohda 1991, 1995, Stacey 1991, 1995, Zimmermann 
1991, Clarke & Sullivan 1992, Silver 1993, 1995). In some countries, they 
use a different name for open-ended problems; for example in the 
Netherlands, they call their method "realistic mathematics" (Treffers 
1991). 

The idea of using open-ended problems in school mathematics has been 
written in some countries in the curriculum, in a form or other. E.g. in 
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the mathematics curriculum for the comprehensive school in Hamburg 
(Germany), about one fifth of the teaching time is left content-free, in 
order to encourage the use of mathematical activities (Anon. 1990). In 
California, they are suggesting open-ended problems to be used in 
assessment beside the ordinary multiple-choice tests (Anon. 1991). In 
Australia, some open problems (e.g. investigative projects) are used in 
the final assessment since the late eighties (Stacey 1995). 

Within last years, there have occured also some critical papers on the use 
of open-ended. A couple of years ago, an American mathematician 
wrote a sceptical paper on learning mathematics with open-ended pro- 
blems, or the form of open-ended problems used in Californian schools 
(Wu 1994). In the Valencia meeting, Paul Blanc critisized very strongly 
the realization of investigations in British schools (Blanc & Sutherland 
1996). He blamed that the teachers have developed a new mechanistic 
scrutine for solving investigations. 

The concept "open problem" 

One aim of the PME discussion group in Tsukuba (Japan) was to find 
answers to the question What are "open-ended problems"? since the 
group of open-ended problems seemed not to be well disguished. Under 
the discussion, several types of problems were put forward: 
investigations, problem posing, real-life situations, projects, problem fields (or 
problem sequences), problems without question, and problem variations 
("what-if"-method). In my conclusion, I suggested the use of the concept 
"open problem" as an "umbrella" class of problems which contains all 
the problem classes mentioned. 

The concept "open problem" could be explained as follows: We will 
begin with its opposite, and say that a problem is closed, if its starting 
situation and goal situation are closed, i.e. exactly explained. If the 
starting situation and/or the goal situation are open, i.e. they are not 
closed, we have an open problem (Fig. 1). Problems dealt with in school 
mathematics are usually closed problems (or more generally closed 
tasks) which will not leave much room for creative thinking. 

According to this definition, we have three types of open problems 
where one is the open-ended problems. The groups of problems given 
above provide us with some examples, which are placed into the boxes 
of Fig. 1. It is worthwhile noting that a group of problems, e.g. real-life 
situations, may cover several types of open problems. 
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N. goal 

\ situation 

starting \ 
situation \ 


CLOSED 
(i.e. exactly 
explained) 


OPEN 


CLOSED 
(i.e. exactly 
explained) 




closed 

problems 




open-ended problems 
real-life situations 
investigations 
problem fields 
problem variations 


OPEN 


real-life situations 
problem variations 


real-life situations 
problem variations 
projects 

problem posing 



Fig. 1. The classification of problems 
according to their starting and goal situations. 

Some mathematics educators use the word "exploratory" as a synonym 
to "open" (e.g. Avital 1992), in order to prevent confusion with the 
unsolved problems of mathematics (cf. also Silver 1995). 



The structure of the book 

Many examples of open problems can be found in the papers of the 
book. Most papers are presenting the ideas how to use open problems in 
mathematics class and the research results of their use. But there are also 
two critical papers (Paul Blanc, and Candia Morgan) which bring forth 
some uncomformatable and unasked questions about the use of open- 
ended problems. At the end of the papers, there is a preliminary biblio- 
graphy on open-ended problems. The papers in the book are given in 
the alphabetical order. 
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Implementing open problem-solving, some pitfalls of 
curriculum development through assessment in the UK 



Motivation 

Someone essentially in favour of investigative approaches standing up in 
front of an audience enthusiastic about the merits of open problem- 
solving and forecasting doom seems slightly absurd. However, the UK 
implementation of investigative approaches to mathematics has been 
fraught with difficulties, the vast majority of which remain unresolved. 
Can we, as an international community, learn from the experience of 
other countries? Clearly there will be great differences in social and 
cultural context, in curricula, and in the nature of the mathematics 
studied, but it is not unreasonable to assume that some of the difficulties 
and phenomena encountered in the UK are likely to emerge in other 
countries represented in the Open Problem-Solving Discussion Group in 
PME. The experience of Australia would appear to confirm this (Stacey 
94). In this article we discuss changes to the UK curriculum regarding 
investigative, problem-solving approaches to mathematics, hozu these 
changes have been effected and what some of the consequences have 
been. 



Open problem solving and investigations 

Whilst this is not the place for a long discussion on the nature of open 
problem-solving, nonetheless we wish to acknowledge that the terms 
open problem-solving, investigative work, and their variants are 
problematic. We will adopt Morgan's (95) notion of three discourses for 
investigative work; the ' official ' (Government reports and exam board 
publications), the 'professional' (mathematics education research 
literature on theoretical and practical issues) and the 'practical' (text 
books, teachers' guides, guides on how to do coursework), and affirm 
that since there is no essentially true reading of curriculum texts, these 
discourses should not be regarded as a hierarchy. 



Paul Blanc 

University of Bristol, U.K. 
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Problem-solving itself ranges from applying standard techniques in 
routine exercises, to thinking creatively about some situation (often not 
explicitly mathematical). Exploring any patterns involved, posing 
problems and seeking solutions using formulation, testing and proof of 
conjectures are also aspects of problem-solving. This type of 
mathematical activity finds its roots in Polya's problem-solving 
strategies (Polya 57) and has been developed in work on mathematical 
thinking by, for example. Mason et al (85). The United Kingdom has 
over the past 15 years undergone significant curriculum change where 
an investigative approach to mathematical problem-solving has been a 
major issue. 



Changes to the UK Curriculum 

In the 1980s, largely supported by the mathematics education 
community, UK official publications promoted changes to the 
curriculum, suggesting a move towards mathematics as an exploratory, 
dynamic, evolving discipline and recommending the use of open 
problem-solving and investigations (Cockcroft Report, DES 82). The 
subsequent changes in the UK led to problem-solving and investigations 
becoming part of the official mathematics curriculum. Problem-solving 
(op cit. p73) is defined as the ability to apply mathematics to a variety of 
situations, to everyday situations experienced by the child as well as the 
unfamiliar. The role of substantial discussion in the move from the 
problem statement to any form of writing is emphasised. Investigational 
work is expressly stated as not consisting solely of long projects 
(extended pieces of work) but as "perhaps most frequently" emanating 
from pupils' questions. Pupils should try to find the answer for 
themselves. Teachers should encourage a willingness to ask; "what 
would happen if?" The theme of discussion is renewed; "Much of the 
value of an investigation can be lost unless the outcome of the 
investigation is discussed" (op cit. p 74). It is interesting that the notion 
of write-up or formal written communication is not present. 

The new initiatives stated in the Cockcroft report were implemented via: 
the GCSE (examination at age 16), the new curricular schemes produced, 
notably by the School Mathematics Project (SMP 11-16); 350 

mathematics advisory teachers were appointed to disseminate 'good 
practice'; graded assessment schemes, aimed mainly at low attainers 
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(Brown, 1996). One should not underestimate the influence of the first 
two in this list. The SMP scheme was eventually to be found as a 
resource in 70% of schools and the GCSE introduced coursework, to be 
compulsory by 1991. 



Though inclusion of problem-solving and investigations as assessed 
coursework for GCSE has ensured implementation in UK schools, 
motivation for actually adopting an investigative approach varied. For 
some schools this became a significant part of the pedagogy with a 
group of teachers committed to this approach. However, more often, the 
new innovation would be dealt with in separate lessons to prepare 
pupils for the oncoming examination (Cooper 94). Whilst some schools 
adopted the coursework voluntarily, many waited until they had no 
choice. Ninety percent of teachers put off its introduction for at least a 
year and most delayed as long as possible, introducing only a minimum 
20% weighting in 1991. 



Assessment driven curriculum change . 

Burkhardt (88) supports the view that assessment and testing effects 
actual "implemented" curriculum change - the practice in classrooms - 
stressing that exams are more powerful than exhortation. He suggests 
that in the past, the influence of public examinations has been negative, 
narrowing the pattern of learning activities and reinforcing the over- 
emphasis on narrow technical skills. Since "What you test is what you 
get" (WYTIWYG), the test should be made valuable in itself, en- 
couraging a range of approaches to mathematics, including investigative 
tasks. He cites the GCSE as a brave attempt with less than adequate 
support. The slow uptake both of investigative approaches and of 
optional coursework in GCSE would appear to reinforce these 
comments. 



Whilst the GCSE has forced the hand of teachers, there is a significant 
mismatch between the apparently consensus view (from official and 
professional sources) that investigative approaches are desirable and 
how these approaches have been operationalised in GCSE maths. In 
particular, since the GCSE had to be examinable and standardised the 
focus has been on the written script of the investigation, thus taking 
away much of the value of discussion emphasised in Cockcroft. The 
practical consequences of examined coursework have contributed to 
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students seeing investigations as isolated projects, not as an open, 
creative approach to mathematics, but as an artefact. In writing the script 
the student is writing to solve the problem, and writing to communicate 
the solution (thus providing evidence for assessment). Morgan's study 
(95) suggests that much of the practical and official discourse emphasises 
the latter. Although Mason (85) argues that subsequent writing-up with 
an audience in mind has a role in developing mathematical thinking, the 
nature of classroom activity, particularly at GCSE course work time, has 
focused on directing students through a number of stages to produce the 
final product. The structuring of investigations, some done in silent 
examination conditions, can be seen in Figure 1 written for 16+ 
examination by a leading examination syndicate. 

There are clear messages for teacher and student as to what is an 
appropriate mathematical response through the explicit structuring of 
the students' activity. Specific questions are to be answered at the start of 
the problem. Some openness is provided but the way to tackle the 
problem is specified, via a checklist. Next we find another phenomenon 
of investigational work: the inevitable "extension", which has become a 
routine part of the official and practical discourse (Morgan 95, p398). 



The specific practice takes you away from the real learning . 

Since teachers and students lack experience and confidence in this way 
of working, considerable advice has been put forward by examination 
boards, through guides to coursework and in curriculum materials. This 
has evoked a tension between openness and creativity on one hand and 
examples, advice, and assessment schemes on the other. The practical 
discourse concerned itself with listing "desirable properties of a piece of 
coursework", ostensibly to help teachers and pupils. Consequently 
pupils have a set of approved recipes, at least at the meta-level, and this 
relatively explicit information, together with pupils' awareness that 
"what you do is what is expected" (WYDIWIE) can lead to students 
fulfilling this 'contract' rather than engaging with the mathematics. As 
mentioned before, advice/mark schemes frequently concentrate on the 
form of communication (especially presentation of results) therefore 
students frequently focus on this. 
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Figure 1 



TRIANGLES IN POLYGONS 

Triangles are formed by joining the vertices of a polygon. The vertices of the triangles must be vertices of 
the polygon. 



F, « 1 Fig 2 




Part I 

a) The regular pentagon shown in figures 1 and 2 shows six different triangles. 

Show that by joining C to A and C to E it is possible to make only (wo new triangles, 

b) Show that it is possible to form 10 triangles, each of which has 3 of the vertices of the pentagon as its 
vertices. 



Part 2 

For regular polygons investigate the relationship between the number of triangles and the number of 
vertices of the polygon. 

Where appropriate: 
use diagrams; 

record your observations and results; 
make conjectures and hypotheses; 
generalise your results; 

comment on any exceptions or counter examples and offer any explanations. 



Part 3 (EXTENSION) 

Either classify the various triangles according to their properties or extend the problem in some other way. 

O 
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There has recently been a debate about the effectiveness of such 
mathematical investigations in the UK. Hewitt (92) has questioned 
whether the diversity and richness of such open ended problems is being 
reduced to spotting patterns from tables. Wells (93) in a contentious 
pamphlet introduces the notion of Data-Pattern-Generalisation (DPG) as 
a general routinary method of solving problems said to have little or 
very limited mathematical value. The overall thrust of these arguments 
is that the potential positive advance of pupils exploring mathematics at 
their own level has been seriously undermined by the algorithmic and 
mechanical nature of the approaches adopted by pupils in schools. 
Barnard & Saunders (94) also maintain that an instrumental under- 
standing of content is being replaced by an instrumental understanding 
of process. Success is obtained through learning "the rules of the game", 
not the mathematics. Students are learning how to behave in a given 
scenario (or frame) where the meta-level sub-tasks, such as: Do the 
Examples, Collect the Information in a Table, Find the Rule represents 
mathematical investigation. Hewitt (92) demonstrates how a wide range 
of starting points can be reduced to pattern spotting from tables, 
essentially the same activity which has its own limited intrinsic value (if 
desired, it can be related to finite difference methods, which fit given 
data to functions). It would appear that this activity has moved a long 
way from the intentions of curriculum innovation, seeing through the 
examples, having an in-depth look at special cases to examine 
similarities and differences, looking for the generic in the particular, 
seeking the underlying structure of the problems, exploring the 
mathematics. 



Explanations? 

We seek to understand these outcomes by considering the dynamics of 
the teacher-student relationships within an institutionalised educational 
setting. Some of the more negative effects of the use of open problem- 
solving could be explained by Brousseau's (86) notion oh the meta- 
cognitive shift in which perceived failure on the part of students can lead 
to the teacher imposing heuristics as objects of study instead of the 
mathematics intended. Brousseau suggests that this phenomenon is 
more likely when heuristics, advice and models are given the status of 
cultural objects and he uses Venn diagrams in the "modern mathema- 
tics" movement as an example of this effect (Brousseau 86). This 
phenomenon is not due to inadequacies on the part of teachers and 
pupils, but is in fact an inevitable (or at least potential) consequence of 
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any teaching situation. The institutionalisation of meta-level guidance on 
how to approach open problem-solving can readily be seen in UK 
curriculum materials. For example in materials produced by the Shell 
Centre (84, p.46) the following key strategies are recommended: Try 
some simple cases; Find a helpful diagram; Organise systematically; 
Make a table; Spot patterns; Use the patterns; Find a General Rule, 
Explain why it works; Check regularly. There are many such instances 
throughout the practical discourse of investigations. 



One major difficulty in analysing the overall effects of the changes in 
practice is that much of the evidence relies on the reflection of respected 
and valued individuals, gained though experience of, and interaction 
between communities of teachers, learners, teacher educators, official 
bodies and so on. Unfortunately, within the professional discourse, 
debate has seemed to polarise. Criticism of specific practice in 
investigations has sometimes been seen as criticism of investigative 
approaches or as direct criticism of teachers and support for traditional 
emphasis on skills learnt through text books. Advocates of investigative 
approaches have sometimes contrasted 'believers' with 'non-believers', 
fearing a backlash. More recently some studies have sought to examine 
exactly what mathematics students' are engaged with when tackling 
particular investigative, open problems (for example, Blanc and 
Sutherland 1996). 



The international mathematics education community has sometimes 
accepted the value and desirability of open problem-solving, if only 
greater teacher participation could be ensured. The case of the UK raises 
a number of issues which should be taken into account in curriculum 
development which seeks to develop such participation. 

• open problem-solving is ill defined and resists definition; 

• any reform is highly problematic (even if there is apparent consensus); 

• texts do not communicate intentions in an unproblematic way; 

• assessment driven curricula may increase quantity of open problem- 
solving but alters its nature; 

® openness and creativity sit uncomfortably with standardised exams; 

• students' activity may become highly structured through explicit 
problem statements; 

• students' attention may focus on meta-level guidance rather than the 
mathematics itself; 
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• students may routinise tasks, specific open problem-solving practices 
may evolve; 

• students focus on written outcomes and presentation of results. 

In the final sections we examine two contrasting research projects in the 
light of the initial discussion. Firstly, Askew's examination of teachers' 
practice in implementing aspects of more recent curriculum reform. 
Secondly, a small scale study into how some students interact with a 
specific problem. Many of the phenomena above are reflected in these 
studies. 



National Curriculum Reform 

Ironically the increased politicisation of the curriculum swung the 
curriculum pendulum back towards assessment and league tables for 
schools comprised in the main of formal tests, concentrating on skills. 
Coursework is no longer compulsory in GCSE (from 1995), though 
examinations must still assess process aspects of mathematics, now 
classified under the heading of "Using and Applying Mathematics" in 
the National Curriculum. This was a separate part of the UK National 
Curriculum which resulted, albeit unintentionally in a separation of 
process from content. Askew reports on a large scale study in teachers' 
practical discourse of this new innovation (Askew 96). 



The development of "Using and Applying Mathematics". 

"Using and Applying Mathematics" formalised process aspects of 
mathematics. In the first version of the official document, the idea that 
this should "permeate all other work in mathematics, providing both the 
means to and the rationale for, the progressive development of 
knowledge skills and understanding in mathematics" was relegated to a 
non-statutory appendix! (DES 1989). Following concerns stimulated by 
government commissioned reports (National Curriculum Council 91) 
that this area of mathematics was not receiving sufficient attention, the 
second version stated: 

"Pupils should choose and make use of knowledge, skills and 
understanding in the programmes of study in practical tasks, in real-life 
problems and to investigate within mathematics itself. Pupils would be 
expected to use with confidence the appropriate mathematical content 
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specified in the programmes of study relating to the other attainment 
targets/' (DES/ WO 91 pi). 



Askew's study examines why teachers were finding difficulty in 
integrating "Using and Applying Mathematics" into their work. Results 
from a questionnaire to 744 schools highlighted lack of teaching 
experience in "Using and Applying Mathematics", inadequate coverage 
by commercial schemes, lack of clarity of meaning in official documents 
and difficulties related to need for changes in teaching style, but 
curiously the majority of responses did not (as in the official reports) 
regard coverage of "Using and Applying Mathematics" as problematic 
(op cit.). Again this highlights a mismatch between official discourse and 
specific practice. Askew reports, through analysis of interview data how 
teachers were adopting a limited perspective on "Using and Applying 
Mathematics", concentrating on what they saw as 'relevant mathematics' 
(e.g. money, using mathematical equipment) 'practical mathematics' 
(measurement, real-events) and for later years 'stand-alone investigations' 
(banks of bolt-on tasks mainly involving algebraic generalisation). One 
dominant approach linked the task to matching all pupil abilities in a 
desire to offer something for everyone. This would appear to confirm 
Brousseau's Topaze' effect: tasks are made progressively easier until 
students can produce (at least some) required behaviour without 
engaging in the mathematics of the task (Brousseau 86). 



Although analysis of questionnaires indicated high degree of planning, 
interview data presented a different picture. Most teachers indicated that 
it was not necessary to plan specifically for "Using and Applying 
Mathematics" giving reasons, for example, that all maths had these 
elements or that they used these ideas in an opportunistic manner. 
Despite difficulties experienced in introducing investigative problem- 
solving via the GCSE, the intentional fallacy: that any reading of texts 
corresponds to authors intentions, re-emerges in Askew's study. The 
intentions of curriculum developers would seem to remain distant from 
the experience of most children in the mathematics classroom. The texts 
themselves do not help matters. The paradox of giving illustrative 
examples is that they can become the sole practice. Askew comments 
that 8 out of the first 9 examples involve measurement, hence 
identifying "Using and Applying Mathematics" with the 'practical 
mathematics' reported by teachers above in his study. 
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The notion of a permeation model is also suspect. How exactly does this 
work? Some examples indicate that content can be developed through 
problem solving but few teachers had spent much time on this part of 
documentation. In crude terms many teachers had concentrated on the 
title "Using and Applying Mathematics", regarding this as real-world 
applications only. Askew points out a stark contrast between his 
findings and interpretations offered in professional discourse. 
Mathematics educators may wish to read the documents to suit their 
own purposes, as a means to develop content in an investigative 
manner, as well as more generally problem-solving abilities such as the 
"understanding of, and ability to engage in, reasoning, logic and proof, 
the processes of mathematical argument and justification" (Askew 96 
pill). However, there is considerable evidence that this interpretation is 
far from the readings or the practice of most teachers. Askew's 
conclusions demonstrate that curriculum change in this area has been 
partial and fragmentary and that teachers may be encouraged to believe 
that "Using and Applying Mathematics" can be implemented with 
minimal changes to existing 'traditional' practice. 



Thus far we have discussed some shortcomings of curricula reform and 
some concerns as to the implementation of open problem-solving in 
GCSE mathematics and the National Curriculum. Now we consider a 
study specifically concerned with how students interact with a particular 
problem, which is part of a larger project examining students' uses of 
external representations and heuristics in investigative problem-solving 
(Blanc and Sutherland 95). In this study a major concern was the effect of 
meta-level guidance given to students. Could we identify students who 
were creatively engaged in mathematics as opposed to adopting 
mechanistic approaches? If so, would this shed light on the causes of 
specific problem solving behaviour? 



Creative engagement or disjointed mechanisms? 

Small-scale in-depth studies can probe more precisely what students are 
gaining from specific tasks in specific contexts. In recent research, the 
relative influences of task itself, form of the task, student engagement, 
previous experience, knowledge level , heuristics known and external 
representations used were examined. Blanc and Sutherland (96) discuss 
the analysis of written solutions to the question, 'How many diagonals does 
a polygon have ?' , for a group of 14 first year primary school trainee 
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teachers. This cohort included mature students and recent school 
leavers. These two groups have had very different experiences of school 
mathematics because of the recent changes in UK curricula. Using 
protocol analysis, verifying interpretations through semi-structured 
interviews we were able to ascertain some interesting features of 
students' ways of working, the selection of external representations 
employed and the nature of students solutions. Interestingly most 
students used annotated diagrams, tabular collection of information, 
algebra and natural language as external representations. We found that 
it was not whether a particular device was employed that mattered but 
how this device fitted in to the overall solution which differentiated the 
outcomes. One student made use of her graphical representations 
directly from her own constructions, suggesting that constructing 
diagrams for yourself as opposed to being presented with a static 
constructed diagram could make a difference to the problem-solving 
process. Tabular representations were used in an inflexible way by 3 of 
the 5 students studied in depth. Two of these stated that they had 
received strong advice about doing tables and the third said she had 
been strongly influenced by her partner to draw a table. In these three 
cases the table seems to act as a separator so that work after the table 
uses only the table itself as a potential source of information. This 
supports the contention of decontextualised pattern spotting (Wells 93) 
and may be due to inflexible use of some taught process model of 
problem-solving. Tables were used however in a highly flexible, 
dynamic way by two students (Blanc & Sutherland 1996). Crucially, of 
the students who were most successful in solving the problem, their 
engagement was the overriding concern. External representations or 
heuristics were only useful to them in so far as they helped them 
continue to solve the problem, less successful students seemed to use the 
representations as mechanisms. 



Some students work in a linear fashion down the page with little 
reworking or looking back. This led in some cases to discontinuities in 
solution and failure to exploit potentially crucial information. In 
contrast, others' attention moves all over the work, that is, they use their 
written text in a non-linear way using a varied range of representations 
in an iterative manner adjusting, correcting and enhancing. 



In relation to the previous discussion these results indicate that meta- 
level guidance and routines were evident in tackling a particular 
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investigation. Those students who did not adopt these routines were 
apparently more engaged and more successful in the problem itself. The 
empirical work also demonstrated that analysis of the texts alone can 
identify routinised pattern spotting behaviour erroneously. This adds a 
further caveat to the dangers of narrowing the task through 
examinations which assess only a written product. Further, the act of 
producing a text to communicate a solution (which will be read as a 
linear script), may focus students on the communication of results, in a 
pre-defined, inflexible order when the interaction of their different 
external representations may help them progress both with the problem 
and in their mathematics generally. These issues provide the foci of 
continuing research. 



Concluding remarks . 

This article highlights how curricula reform in open problem solving has 
affected the work of both teachers and students but not necessarily in the 
manner expected. In both cases the intentions of the reformers have been 
only partially realised. Changes have been resisted and delayed. 
Implementation has been fragmentary and the readings of implementers 
are some way from the intentions of the developers (Askew 96). Whilst 
assessment has increased the occurrence of investigative work, the 
nature of such work has been dramatically influenced by standardised 
assessment. Some consequences include generalised guidance on 'how 
to do' investigative mathematics, viewing investigations as projects, 
routinised approaches, highly structured tasks and a focus on written 
outcomes at the expense of discussion. On a more specific level we have 
reported some evidence that students do use guidance in a routine and 
unproductive manner, sometimes appealing to specifically taught 
strategies as justification of their actions. There is also evidence of more 
flexible problem solvers engaged not with the representations or meta- 
level guidance but with the problem. 



The studies discussed share one common feature: that looking in more 
depth (in both cases through analysis of interview data) revealed how 
surface interpretations, firstly of teachers' responses and secondly of 
students' written scripts can be misleading. Whilst we do not pretend to 
have quick fix solutions for the task of implementing investigative, open 
problem-solving, we would wish to stress that the issues raised are not 
solely attributable to UK specific conditions. In fact, many of the 
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consequences would appear to be relevant to any country intending 
similar reforms. c 
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On the Open-ended Nature in Mathematical Problem Posing 

Shuk-kwan S. Leung 

National Chiayi Teachers College, Taiwan 



Summary 

Problem solving is divided into two stages: Representation and Solution. In 
Representation stage, a problem is well-structured if the objects, operators and goals 
are well defined. Ill-structure problems are problems with undefined objects or 
goals. They open up opportunities for problem posing. However, well-structured 
problems can be posed again to serve instructional purposes. In this paper, the 
author provided specific examples on problem posing research for four cases: 
defined /undefined cross object/goal. These examples were used to discuss the 
open-ended nature of mathematical problem posing; especially when problem 
posing is followed by problem solving. 

Problem solving, according to cognitive scientists, is generally divided 
into two stages: Representation and Solution. In Representation stage, a 
cognitive structure corresponding to a problem is constructed by a 
solver on the basis of his domain-related knowledge and its organization 
(Chi, Feltovich, & Glaser, 1981). In the Solution stage, a person considers 
paths from the initial state to the goal state but the solution depends on 
how the person represents the given problem in the first stage. 



The Structure of a Problem 

A problem is well-structured if the objects, operators and goals are well 
defined (Reitman, 1965). Reitman identified four categories of problems 
according to how well the given and goal states are specified: 

0 Undefined given and Undefined goal state 
® Undefined given and Well-defined goal state 

• Well-defined given and Undefined goal state 

• Well-defined given and Well-defined goal state 

Based on the above specifications, only problems in the last category are 
well-structured. In the first three categories, there are undefined 
components. The word “undefined” also included “ill-defined” cases. 
Therefore, the first three categories are known as ill-structured problems. 
Ill-structured problems open up opportunities for problem posing; the 
problem “poser” has to define the given, the goal or both. 



Open-ended Problems in Mathematics 

A relationship between ill-structured problems and problem finding was 
found in Voss (1990). Indeed, "problem finding, that is, how individuals 
formulate and identify a problem ... in itself is an ill-structured problem" 
(Voss, 1990, p. 12). The reasons were two. First, the representation of 
the problem can vary according to how the person perceives the 
situation. Second, there are no generally agreed upon solutions (in this 
case, solutions are actually problems). Reitmans classification and Voss' 
discussion suggested that ill-structured problem solving included 
problem posing, and in terms of defining the given, the goal, or both. 
Finally, problem posing is also possible, even in well structured problem 
situations. In this paper, the author provided specific examples on 
problem posing research for all four cases of Reitman and discussed the 
open-ended nature of mathematical problem posing; when problem 
posing is followed by problem solving. 



Problem Posing by Attending to Reitmans Classification 
Undefined Given and Undefined Goal State . In Reitman’s first category, 
when the given and the goal are not specified, the problem posing 
activity is most open. Subjects were asked to pose problems without any 
reference to constraints supplied by the task environment. For example, 
U. S. children were asked to pose story problems in class (Winograd, 
1991), while Australian children were told to make a problem that is 
difficult for a friend to solve (Ellerton, 1986). In these instances, the 
problem posers were free to make variations in story situations as well 
as in mathematical structures. Winograd found that children pose a 
variety of story problems using real life experiences, while Ellerton 
reported that children planned ahead of the complexity in mathematics 
structures (e.g. making problems complicated initially but allowing 
canceling of fractions to make answers simple). 

In one study, student teachers were asked to pose a sequence of 
problems for a mathematics test during student practice (Leung, In 
press). The activity in posing problems for a mathematics test is also 
open-ended. There is no limitation on the number of test items, the 
mathematics topic, the difficulty levels, the order of the items, nor the 
format of test items (multiple choice, true-false, fill-in-blank, or free 
format). It was found that student teachers tended to construct well- 
structured problems. For example, when the test is on multiplication or 
division of fractions, the items were of a variety in multiplicative 
structures (see Vergnaud, 1983). Empirical example problems in 
Isomorphism-Of-Measures were posed: "A book is 3\f(l,2) cm thick. If 5 
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are piled together, what is the total thickness?" ( Multiplication ); "Several 
balls weigh 2\f(2,3) kg. If each weighs \f(l,3) kg, how many balls are 
there?" ( Quotitive division ); "Half a pizza is divided equally among three 
children, how much did one receive?" ( Partitive division); and "A steel rod 
of l\f(l,2) m long weighs 3 kg. What is the length of a steel rod 
weighing 1 kg? weighing 5 kg?" (Rule-of -three). In addition, these 
student teachers asked questions at all five levels identified in a chapter 
on posing problems properly by Butts (1980). The five levels are 
recognition, algorithm, application, open search and problem situation 
(Leung, In press). 

Undefined Given and Well-defined Goal State . In this category, the 
given is undefined but not the goal. Therefore, the one who poses a 
problem has to think of possible givens and a reasonable problem that 
would lead to the goal. For example, when the answer provided for 
elementary school children to pose a problem is "Speed of A=37m/min; 
Speed of B=28 m/min" a problem posed by a child was "The runway is 
1038 m long. A finishes in 28 min. B finishes in 37 min. Find the speed 
of A and B" (Leung, July 1996). Another example is seen in a workshop 
conducted on Complex Instruction (Cohen, 1993). The well-defined goal 
is "a circle" and participants were to find the possible sets of "givens" 
(cut-out parts of a circle), which when put together, will result in a 
complete circle. It is noted that the problem posing activity is open in 
that many possible problems can be posed accordingly. For example, in 
the speed problem, a person with more mathematics background can 
change the typical distance-time-speed perspective and pose a problem 
that involves simultaneous equations, "The speeds of two trains are A 
and B. Find the two speeds if the sum is 65 and the difference is 9". 
Also, the activity in resulting a complete circle as the goal can be 
changed to a problem on graphing the locus of a point which involves 
the equation of a circle. The open nature in this kind of problem posing, 
is on both defining the given and on matching a problem to arrive at a 
well-defined goal. 

Well-defined Given and Undefined Goal State . The above two cases 
were instances where the given is undefined. When the given is well- 
defined, the problem posing activity is open in terms of defining the 
goal. For example, prospective elementary school teachers posed 
problems by referring to given information in a story situation (see 
Leung, 1993). They were able to pose a variety of arithmetic word 
problems in various semantic structures. Occasionally, they posed 
incomplete problems, insufficient problems or implausible problems. 

5 “ 
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In another study, instead or verbal clues, the given is a pictorial clue, like 

1111 , a matchstick arrangement (Silver & Leung, 1992). 

Subjects were able to use the given matchstick arrangement and posed, 
problems that were for the the most part relating to the number of sticks 
and the number of squares. However, the subjects also posed problems 
that did not belong to the above category, such as "please use these sticks 
to make a pattern that is symmetrical". They could even add their own 
imagination to the original pattern. For example, one subject marked 
"A" to one end of the incomplete square and "B" to another end and the 
problem attached was, "Find all possible ways a person can walk from A 
to B". 

In another study, the given situations were more restricted than the 
above two examples, and in most cases only one particular problem 
"naturally follows" (Leung and Jou, 1995). The design of the task 
resembled that of "problem with unstated question" by Krutetskii (1976). 
The investigators developed problem situations on multiplication and 
division for grade four children to pose problems. For example, if the 
well-defined given is "Tea are packed in half kg cans. There are 28 cans 

altogether, ? " then most children asked "what is the total 

weight of all 28 cans?" From this example, one can see that there is very 
little openness in the activity of finding the natural question that follows, 
when compared to that of Leung (1993) and Silver and Leung (1992). 

Sometimes, a given situation may also provoke the generation of 
situation-related questions as well as mathematical problems. One 
example is the Billiard Ball Mathematics task surveyed by Silver, 
Mamona, Leung and Kenny (1996). The task environment described a 
ball shot at an angle of 45 degrees, from the lower left hand corner of a 
rectangular billiard table which also and rebounds at an angle of 45 
degrees. The instructions did not direct subjects to pose only math- 
ematical problems. Silver et al found that subjects asked mathematical 
questions like ,"what is the number of hits when the table is a square?", 
and also, questions related to Billiard Ball playing such as, "what 
happens if you hit the ball too hard?" In this example, the openness was 
on the nature of the problems that were posed. 

Well-defined Given and Well-defined Goal . The above three cases indi- 
cated how ill-structured problems can be converted to well structured 
problems via problem posing. However, there can also be problem 
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posing even when the given and goal are stated explicitly. This could 
happen when one poses a problem for others to solve. In doing so, 
problem posing is a technique of representing a known problem 
differently. For example, the investigators promoted problem posing by 
supplying a mathematical computation (e.g. Greer & McCann, 1991) and 
requiring subjects to write a story that matched the computation. 

In posing problems that originate from a well-structured problem, the 
openness is on mathematics content, mathematics representation, 
context building, and questioning techniques (Leung, 1996). Here, the 
given and the goal are both inherent; what is open is how to "pose 
problems properly” (Butts, 1980). The job is often an exercise of teachers 
and of textbook developers. For example, if the well-structured problem 
is one on Subtraction-with-regrouping: 30-18=( ). This well structured 
problem can be posed differently by attending to the above four factors. 
In mathematics content, one can attend to semantic structures 
(CHANGE, COMBINE, COMPARE) and posed a CHANGE problem 
("Amy has 30 dollars in her purse, she spent 18, how many are left?”) or 
a COMPARE problem ("Amy has 30 dollars and Bob has 18; how much 
more dollars does Amy have?”). Next, in mathematics representation, 
one can use algorithms (vertical, horizontal), table (showing different 
pairs of numbers), photographs or pictures (of purses and money), 
words or combinations of the above examples to present a given 
problem. In addition to content and representation, the attention can be 
switched to context building. The above subtraction problem can be 
embedded in a problem with reference to quantities other than money 
(such as length, weights, volumes, ... etc.). The contexts of a problem can 
be real, imaginary, in-school or out of school. However, familiar 
contexts are found to be more comprehensible to students (Van den 
Heuvel-Panhuizen; 1996). Finally, the questioning of a given problem 
can be "how many dollars left?", "can you tell us how you found the 
answer?" or "Connie’s answer is 18 dollars, do you think she is correct? 
Why?" Hence, a well structured problem that is presented for solution, 
which is ready for solving, can be posed again in order to obtain at a 
certain instructional effect. 

Problem Solving , Problem Posing and Open-ended Learning 
Since the publication by the National Council of Teachers of 
mathematics of the Agenda for Action, which asserted that the 
acquisition of problem solving skills should be one of the goals of school 
mathematics introduction in the 1980s, problem solving has been a 
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dominant topic at virtually all professional meetings of mathematics 
teachers and supervisors. Rarely in the history of education has a topic 
simultaneously captured so much of the attention of both researchers 
and practitioners (Silver, 1985, p. vii). Contemporary reform efforts not 
only place a heavy emphasis on problem solving but also on problem 
posing. The suggestions in both the Curriculum and Teaching 
Standards (NCTM, 1989; 1991) imply that problem posing is an integral 
part of problem solving and should not be emphasized separately from 
problem solving. 

Given the inseparable nature of the two activities, a discussion on the 
open-ended nature of mathematical problem posing should be 
completed by considering problem solving as well. Even in Polya’s 
book. How To Solve It, Polya suggested that teachers ask students to pose 
problems that they are going to solve (Polya, 1945). Polya’s four phase 
model in problem solving is: Understand, Plan, Carry out, and. Look 
back. This is true when a person solves a problem given by others. If 
the problem is not already given, the goal is then to formulate a problem 
and then to solve it. Polya's problem solving model will become a cycle 
for problem posing and problem solving. Figure 1 shows this enhanced 
problem posing-solving cycle. 



ADDITIONAL POSING 
(Look Back) 



POSE A PROBLEM 
(Understand) 




DEVISE A PLAN 



CARRY OUT PLAN 



Figure 1. Enhanced Model of the Problem Posing-Solving Cycle. 

In the first phase, "Understand the problem’’ can be replaced by "Pose a 
problem". If one solves the problem he or she poses, the understanding 
phase is already included in the problem posing phase. Then the person 
plans and carries out the plan. After solving, the "Look back" stage is 
represented by evaluating the solution and posing more problems. 
Thus, a problem posing and solving cycle exists. The four phase model 
of Polya will become "Pose-Plan-Carry Out-Pose". Through this problem 
posing and solving cycle, a person poses and solves problems according 
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to his/her own perspectives and "make mathematics”, in Polya’s terms. 
This learner’s problem posing and solving activity is open in both 
mathematics contents and in learners’ interaction with mathematics 
(Nohda, 1987). It is open also in representation and extensions in 
exploration (Silver & Mamona, 1990). In addition to openness, the above 
figure also shows that the Pose-and-solve activity can be never-ending 
thus, depicts and embarks a wonderful, prominent open-ended nature in 
mathematical problem posing and solving. 

N ote : This paper includes a summary of contents orally reported at a 
discussion group in PME 18 (Lisbon, Portugal, 1994) and an afterthought 
on the open-ended nature of problem posing activity. It is hoped that 
issues raised in this paper will promote the thinking of the role of open- 
ended activities in mathematics instruction. 
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Testing problem solving in a high-stakes environment 

Barry McCrae and Kaye Stacey 
University of Melbourne, Australia 



Summary 

Assessing problem solving as part of students' final public assessment at the end of 
school is a very effective way of encouraging schools, teachers and students to give 
problem solving a serious place in the curriculum, but can genuine problem solving 
survive the pressure? We report the ways in which one system of high-stakes 
problem solving assessment has adapted to demands for public credibility, reliability 
of judgement, and practicality and efficiency for teachers and students. The success 
of the resulting tasks is evaluated in terms of the extent to which students have to 
demonstrate problem solving which is creative and open and deal with problems 
which are unfamilair in techniques required or context. We also report results from a 
questionnaire seeking teachers’ evaluation of the success of assessing problem 
solving by a combination task and test. 



Introduction 

It is a commonplace that one of the most effective way to change 
practices in schools is to change the method of assessment. If something 
is assessed, then it is more likely to be taught by teachers and learned by 
students. In the late eighties, the mathematics subjects taught to students 
in the last two years of school in Victoria, a state of Australia, were 
substantially redesigned and a new credential, the VCE (Victorian 
Certificate of Education), replaced the former Higher School Certificate. 
It is important to note that this credential is very important to students, 
their parents and their schools because it is the principal measure that 
determines students' access to limited higher education places and it is 
informally used by many as a measure of school quality. 

The designers of the new VCE mathematics subjects wished to 
encourage in students the development of problem solving skills, a 
capacity for mathematical modelling and the ability to independently 
undertake mathematical investigations. They therefore made it 
compulsory for all students to spend at least 20% of their mathematics 
time on independent mathematical projects and at least 20% on problem- 
solving and modelling, which is defined as 'the creative application of 
mathematical skills and knowledge to solve problems in unfamiliar 
situations, including real-life situations' (Board of Studies, 1996, p. 7). In 
addition, as part of the final assessment of their level of performance 
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(with consequences for tertiary entrance places, etc), all students had to 
complete an Investigative project and a Challenging problem to assess their 
problem-solving and modelling ability. 

An earlier paper, presented to the Discussion Group on Open Problem 
Solving and later published by Stacey (1995) included a description of 
the assessment of the Investigative project. It demonstrated how the 
project changed over several years in order to make it easier to organise 
in schools and to make the assessment more reliable. It was noted there 
how pressures from teachers and students had lead to a reduction in the 
openness of the project. Encouragement for the student to make 
significant decisions about the direction of the investigation had 
gradually been replaced by a series of questions to be answered with 
some degree of openness, but much less than in earlier years. 
Expectations that students would seek out their own data had been 
replaced by the provision of data sets from which students select. The 
expectation that students extend or generalise their work in a way of 
their own choosing was replaced by suggestions for a direction for 
extension and strong guidance about the intended scope of any 
extension. Although these changes made the project evolve into a 
substantially altered task, the judgement was that the end result was still 
a valid assessment of investigative work in mathematics. 

In the present paper, we summarise the rather different history of the 
Challenging problem and its successor, the Problem-solving task. This story 
illustrates the clash of the ideals of having students undertake in-depth 
problem solving with the practicalities of the classroom and the 
constraints of a large examination system, subject to sometimes intense 
public scrutiny. In describing the various compromises that have been 
made we are concerned to explore the central question of whether real 
problem solving can survive the constraints of a high-stakes assessment 
system. 



From Challenging problem to Problem-solving task: 1989-1996 
For the first four years of the VCE, from 1989 until 1992, one of the major 
assessment tasks in each of the mathematics subjects was theChallenging 
problem. Students were given two weeks to solve one of three or four 
problems and to prepare a written report of up to 1000 words on their 
solution. All students in the state chose from the same set of problems, 
which were written each year by a centrally appointed committee of 
mathematicians and teachers. Each problem was a 'real' problem, either 
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pure or applied in nature, which had not been thoroughly mathema- 
tised. Figure 1 shows one of the 1989 problems. 

Dog and Jogger 

A jogger runs around a circular track at a constant speed. The jogger's dog has 
wandered off and the jogger whistles it to come back. The dog runs at a 
constant speed towards the jogger. The dog's direction changes as the jogger 
continues running around the track. 





• If the dog starts inside the circular track and runs more slowly than the jogger, 
what path will the dog follow? 

• What path will the dog follow if it runs more quickly than the jogger? What if 
the dog and the jogger run at the same speed? 

• What if the dog starts outside the track? 

• How do your results compare with the behaviour you would expect of a real 
dog in the situations described above? 

Figure 1. An early Challenging problem. 

Schools graded their own students' reports, according to a common set 
of criteria, but these assessments were subject to a process of verification 
involving teachers from other schools. Initially, the task was designed to 
be, as far as possible, a genuine problem solving experience. It was 
expected that students might discuss their thinking with others, as any 
real problem solver might, but that any help received would be 
acknowledged so that it could be taken into account when a grade was 
awarded. Some problems (such as the Dog and Jogger) were even 
identified as being suitable for group work. The report that students 
wrote had to describe their solution to the problem and also show 
evidence of reflection on the process of problem solving that they had 
experienced. 
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After considerable adverse publicity, the Challenging problem was 
suspended by the authorities at the end of 1992 because of growing 
concerns that many students were being unfairly advantaged in the 
preparation of their reports by assistance from parents, tutors or friends, 
even if this assistance was acknowledged in the reports. Rumours 
circulated that solutions to the problems were being bought on the 
streets, causing high anxiety in candidates and parents. The concerns 
over authentication of students’ reports that confronted the Challenging 
problem , and the development of a revised means of assessing problem 
solving which addressed these concerns, are discussed more fully in 
Stephens and McCrae (1995). 

From 1994, a two-component Problem-solving task has replaced the 
original Challenging problem . In the first part of the assessment, students 
prepare an 800-1200 word report on one of three centrally-set problems 
over a period of two weeks. Group work is no longer allowed. The 
second part is a test, conducted under examination conditions shortly 
after the due date for completion of the report, which requires the 
students to solve a related, but not identical, problem. The test is 
designed to provide evidence of the authenticity of students' reports, by 
showing whether the students understand the mathematics they used in 
their report of solving the original problem. Figure 2 shows one of the 
1994 problems and Figure 3 shows the related test. 

Problem 1, 1994: The Art Gallery 

The mathematical techniques which might be required for this task include: 
trigonometry — compound-angle formulas, inverse trigonometric functions 
calculus — differentiation using quotient rule, maximisation 
functions — domain, range 

While any other prescribed methods are acceptable, the above are considered 
particularly appropriate, and will feature in the test which will follow this task. 

Question 1 

. A room in an art gallery contains a picture which you are interested in viewing. 
The picture is two metres high and is hanging so that the bottom of the picture 
is one metre above your eye level. How far from the wall on which the picture 
is hanging should you stand so that the angle of vision occupied by the picture 
is a maximum? What is this maximum angle? 

Question 2 

On the opposite wall there is another equally interesting picture which is only 
one metre high and which is also hanging with its base one metre above eye 
level, directly opposite the first picture. Where should you stand to maximise 
your angle of vision of this second picture? 
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Question 3 

How much advantage would a person 20 centimetres taller than you have in 
viewing these two pictures? 

Question 4 

This particular art gallery room is six metres wide. A gallery guide of the same 
height as you wishes to place a viewing stand one metre high in a fixed position 
which provides the best opportunity for viewing both pictures simply by 
turning around. The guide decides that this could best be done by finding the 
position where the sum of the two angles of vision is greatest. Show that the 
maximum value which can be obtained by this approach does not give a 
suitable position for the viewing stand. 

Question 5 

The gallery guide then decides to adopt an alternative approach which makes 
the difference between the angles of vision of the two pictures, when viewed 
from the viewing stand, as small as possible. Where should the viewing stand 
be placed using this approach? Comment on your answer. 

Figure 2. The problem in a recent Problem Solving task. 

The report and the test are both graded by the student's school using 
guidelines provided by the examination authority, the Victorian Board 
of Studies, and are subject to a statewide review process. The final grade 
is obtained by combining the report and the test grades in a 60:40 ratio. If 
the grade of the report is much higher than the grade on the test, the 
school must interview the student to investigate the authenticity of the 
student's report. If the student does not convince the interview panel 
that he/ she understands the content of the report, the grade of the report 
is reduced to the grade of the test. Disciplinary procedures are 
implemented if it appears that the student was not the author of the 
report. No action is taken if the grade on the test is higher than the grade 
for the report. 

Test 1, 1994: Ice hockey 

Ice hockey is a team game played on an ice rink, in which players try to get the 
puck (a rubber disc) into the opposition goal. The goals are actually six feet in 
width (1.83 metres), but to simplify the arithmetic in this problem, they shall be 
assumed to be two metres wide. 

Question 1 

A player is moving in a straight line perpendicular to the line of the goal and 6 
metres away from a parallel line through the centre of the goal (see diagram 
below). 

When the player is 10 metres from the goal line, what is the angle which the 
goal provides for aiming at as seen from the player's point of view? (This is 
angle y in the diagram.) 
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H — 2 m — H 




Question 2 

If the distance of the player from the goal line is x metres (rather than 10 m), 
find an expression for the tangent of the angle which the goal provides. By 
differentiating this expression with respect to x, or otherwise, show that this 
angle never exceeds 10 degrees. Explain why it is sufficient to differentiate tan \j 
with respect to x rather than having to find d\j/ dx . 

Question 3 

Within what range of values of x must the player shoot in order that the angle 
provided by the goal (angle y) is greater than, or equal to, 8»? 

Figure 3. The test related to The Art Gallery problem. 



Is problem solving alive and well in the VCE? 

The main purpose of this paper is to discuss the extent to which the 
problem solving task as now constituted does indeed assess problem 
solving and modelling, as defined in the official documents for the VCE. 
This will be done by reporting results of a questionnaire sent to teachers 
after the first implementation of the new structure in 1994 and by 
analysing the problems set that year: The Art Gallery, Gaussian Integers 
and The Last Lap. The second problem presents the definition of 
Gaussian integers (complex numbers of the form m + ni where m and n 
are ordinary integers) and primes and asks a series of questions about 
the relationship between Gaussian primes and ordinary primes. In The 
Last Lap, the speeds of two runners on the last 400m lap of a race are 
given as functions of time (one linear, one trigonometric) and a series of 
questions are asked concerning the relative positions and speeds of the 
runners during the lap. 
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The teacher questionnaire was sent to all of the 24 schools which had 
participated in a trial of the format held in 1993 (the year before full scale 
implementation) and to another 108 schools selected at random from the 
approximately four hundred schools who offered candidates in 1994. 
Completed questionnaires were received from 15 (62.5%) of the first 
group of schools and from 65 (60.2%) of the second group; an overall 
response rate of 60.6% involving 953 (19.2%) of the 4963 students who 
completed the Problem-solving task . 

The questionnaire contained 39 questions covering eight areas: 
background information, problem attributes, report structure, test 
attributes, comparing report and test grades, interviews, authentication 
issues and other issues. Most questions required respondents to select 
one of five responses representing positions along a continuum of 
possible opinions (e.g. strongly disagree, disagree, not sure, agree, 
strongly agree). In addition to the 39 questions, common incorrect 
answers to some of the test questions were given and the respondents 
were asked to mark them according to the marking scheme provided by 
the Board of Studies. There was also space at the end of the 
questionnaire to add comments and 62 (65%) of the 80 respondents 
commented further on at least one aspect. The results of this 
questionnaire, which are reported more fully by McCrae (1995), have 
been used to improve the design of the problems and tests and refine the 
regulations. 

As noted earlier in this paper, the definition of problem solving given in 
the VCE mathematics study design booklet is 'the creative application of 
mathematical skills and knowledge to solve problems in unfamiliar 
situations, including real-life situations' (Board of Studies, 1996, p. 7). In 
discussing whether problem solving has survived the transition in 
method of assessment from Challenging problem to Problem-solving task , it 
is fruitful to consider how this definition of problem solving has been 
operationalised. 

Creativity and openness 

A solution to a problem might be called 'creative' if some aspects of the 
question(s) being answered have been invented by the solver or if the 
method of solution is left open to the solver. A comparison of the 
problem statements in Figures 1 and 2 shows the way in which the 
openness of problem solving has been lost over the years. In the Dog and 
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Jogger problem the students are given no hint as to how to proceed, 
other than that three distinct situations should be considered, whereas in 
The Art Gallery their work is organised around a sequence of closed 
questions each requiring a specific mathematical response. 

The questionnaire revealed that teachers generally supported the format 
of a sequence of closed questions with 77.9% of respondents indicating 
that this should be a feature of future Problem-solving tasks. There was 
general agreement amongst the teachers that a problem structured in 
this way is more accessible (more students find it easier to start) and less 
time-consuming for students, and is easier to assess reliably, than a more 
open Challenging problem style problem. However, only about a third of 
respondents felt that the closed question format increased their 
confidence in the authenticity of their students' solutions. 

Did the teachers, although they supported the use of closed questions, 
believe that this changed what was being assessed? In fact, 48.7% of the 
respondents agreed that the closed problem format reduced its validity as 
a measure of problem solving ability, with 30.8% disagreeing and 20.5% 
undecided. It seems clear that teachers as a whole have been prepared to 
sacrifice some validity in the assessment of problem solving for practical 
convenience and concern for their students' results. 

One of the recommendations made to the Board of Studies concerning 
the future conduct of the Problem-solving task as a result of the 
questionnaire was that each problem should involve some opportunity 
to generalise solutions to improve the validity of the task as a measure of 
problem solving ability. There has been an attempt to do this ever since 
as can be seen by contrasting the questions in Figure 2 with the two 
examples, one from 1995 and one from 1996, shown in Figures 4 and 5. 
(Note that both of these problems consisted of a graded sequence of 
questions. Only the last question is reproduced in each case.) The Oil 
Pipelines question (Figure 4) is more open in that the solver needs to 
determine how to proceed; the Disappearing Wombats question is more 
a straightforward exercise in algebra. 

Problem 1 (1995): Oil Pipelines 

An oil platform is situation at a point O, at sea, 10 km from the nearest point P 

on a stretch of straight coastline. An oil refinery is at a point R, 16 km along the 

coast from the point P. It is necessary to lay a pipeline from the platform to the 

refinery. This is to consist of straight line sections. Laying pipeline underwater 
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is 4/3 times as expensive as laying pipeline on land. This ratio is known as the 
relative cost. 

Question 5 

Another platform is to be located at a point Q, 8 km from shore on the other 
side of R, opposite a point Y, 4 km from R (see diagram below). Explore 
whether there are any cost advantages in combining pipelines, stating any 
assumptions you have made. 




Figure 4. Recent problem demonstrating opportunity to generalise. 



Problem 3: Disappearing Wombats 

Scientists are concerned that a species of wombat may be in danger of 
extinction, as low numbers have been observed in the forests where they live. In 
an effort to protect the species from extinction, the Department of Conservation 
and Natural Resources decided to trap 200 wombats and move them to a 
remote island off the Australian coast. It is hoped that the wombat population 
will recover there safe from the problems on the mainland. 

A more sophisticated mathematical model for the number W of wombats on the 
island, t years after the initial 200 are settled there, takes into account the 
availability of wombat food. Under this model, we have 
\f {dW,dt) =(m-n-kW)W 

where m and n are related to the birth rate and death rate respectively, and k is 
a positive constant related to the amount of food available on the island. 



Question 5 

Suppose m = 0.10, n = 0.06 and 0 < k < 0.001. 

a. Find expressions for the number of wombats on the island after t years for 
some carefully chosen values of k and sketch corresponding graphs showing 
how the wombat population changes over time. 

b. According to the model, what will happen to the wombat population 
eventually, for each of your chosen values of k? 
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c Generalise your answer to part b. for any positive constants m, n and k, 
such that m >n. 

Figure 5. Recent problem demonstrating opportunity to generalise. 



Creativity and familiarity 

Another aspect of the meaning of creative problem solving is related to 
the way in which creativity requires a person to combine ideas in new 
ways. This is reinforced in the VCE definition in that the problems are 
required to be unfamiliar. Unfamiliarity has at least two aspects: a 
problem may be 'unfamiliar 7 because it involves an unfamiliar context 
(the real situation in which it is set) or it may be unfamiliar because it is a 
non-routine problem — i.e. it is not amenable to a taught solution method 
(such as solution by simultaneous equations) at least without 
considerable work beforehand. 

Both of these aspects of creative problem solving were probed in the 
questionnaire to teachers. Teachers were asked to. indicate on a scale of 1 
to 5 how familiar each 1994 problem was to their students, with a high 
rating indicating that students had never before encountered a similar 
problem. Teachers considered that Gaussian Integers was very 
unfamiliar (average rating 4.0) whereas they considered that students 
had encountered problems similar to The Art Gallery or The Last Lap 
before (average rating 3.2 for both). 

A similar pattern was observed when we asked teachers to rate, from the 
students' point of view, the type of mathematical strategies required to 
solve the problems on a scale ranging from routine (score 1) to creative 
(score 5). The Art Gallery and The Last Lap both scored in the middle of 
the scale at 2.9 and 2.8 respectively, whereas teachers rated Gaussian 
Integers as requiring significantly more creative strategies (average score 
4.3). 

It therefore appears that teachers regarded The Art Gallery and The Last 
Lap as less valid measures of problem solving ability than Gaussian 
Integers. Perhaps surprisingly this was not the case. On a rating scale 
from 'not suitable' (rating 1) for students to demonstrate their problem 
solving abilities to 'highly suitable' (rating 5), teachers gave The Art 
Gallery and The Last Lap average ratings of 3.8 and 3.7, whereas 
Gaussian Integers with an average rating of 2.9 was slightly below 
'moderately suitable'. 
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The questionnaire items did not directly help us understand why this 
was the case. We can only speculate what additional characteristics 
teachers are looking for in creative problem solving. We believe, from 
our own observations of teacher constructed tasks in other contexts, that 
the best explanation is that teachers look for some application to the real 
world (which they saw in the two favoured problems but not in 
Gaussian Integers) as a key feature of problem solving tasks. One 
questionnaire respondent commented in the free response section that 
problems such as The Art Gallery and The Last Lap are better than 'one 
which is very obscure and which causes students stress', whilst another 
respondent wrote that Gaussian Integers was 'a waste of time [as it was] 
seen as threatening by students'. 



Creativity and degree of transfer 

Underlying any decision to have creative problem solving tested as an 
outcome of a program of instruction is the relationship between what is 
to be learned in the program and what is to be tested. One might argue, 
for example, that it is grossly unfair for a student's success in mastering 
any program of instruction to be measured by their performance on 
items which are unfamiliar and non-routine. What should be the degree 
of transfer between the sort of problems and situations that would have 
typically been encountered by students in their study of VCE 
mathematics and the problems which are used to test their problem 
solving ability? 

The earliest discussions of how problem solving might be assessed 
canvassed a variety of options. Instead of testing the use of mathematics 
to solve problems, the ability to carry out or to identify specific problem 
solving strategies (such as the Polya-type strategy 'look for a similar 
problem') might have been assessed. Alternatively, given the well- 
established influence of metacognitive factors on problem solving, 
students might have been assessed on the extent to which they could 
demonstrate awareness of aspects of the problem solving process. 

In fact, from 1989 to 1994 the reports prepared by VCE students on their 
problem solution were required to show 'how the student started off, 
how understanding of the problem developed, and any other important 
insights and breakthroughs which occurred as they sought a solution to 
the problem' (Board of Studies, 1995, p. 9). Our questionnaire showed, 
however, that by 1994 over 50% of students ignored this requirement 
and, although there was a large spread of opinion, teachers on average 
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rated this requirement as only sometimes being important in assessing a 
student's problem solving ability. The requirement was dropped for 
1995 and has not been reinstated. 

A comparison of the 1989 problem shown in Figure 1 with the 1994 
problems shows that the mathematical techniques required to solve the 
1994 problems are more closely related to those which are taught in the 
course. To solve the Dog and Jogger problem requires knowledge of 
vectors and differential equations that was not part of the course at that 
time and would have had to have been taught as additional material. 
Nowadays, not only must the problems be set so that additional material 
is not required for their solution, but each problem statement begins 
with a list of the mathematical techniques which are most relevant to its 
solution (see Figure 2). 

The relationship between the problem and the test in the presently 
constituted Problem-solving task is the second place where degree of 
transfer is an issue. The test's validity as an authenticity measure, and 
the policy of combining the report and test marks to give a single 
assessment of problem solving ability, rest on this foundation. Early 
advice on the nature of the test (Stephens, 1994, p.14) had described it as 
a 'transfer task' and clearly teachers had expected that only a low level of 
transfer was intended because 91% of the questionnaire respondents 
expected that, compared with the corresponding problem, the test 
questions would be sufficiently similar to the problem questions to be 
able to be answered by each student using the techniques he/she used in 
solving the problem. Further, 50% of these teachers (i.e. 45.6% of 
respondents overall) expected the test to be set in the same context as the 
corresponding problem — no doubt influenced by the fact that the 
problem and the test had the same context in the sample Problem-solving 
task distributed earlier in the year by the authorities. 

In 1994, it turned out, however, that only the test for Gaussian Integers 
satisfied the teachers' expectations. The tests for The Art Gallery and The 
Last Lap were both set in a different context to the corresponding 
problem, which teachers described as a particular disadvantage to 
students for whom English is a second language. In addition, depending 
on the approach taken to solving the problem, some of the questions on 
these two tests required students to use techniques that they may not 
have used in their own solution. Not surprisingly, therefore, both tests 
were frequently criticised by questionnaire respondents. 





45 



Open-ended Problems in Mathematics 



In the questionnaire, we sought teachers' opinion on whether the 
inclusion of the test /interview process had improved various aspects of 
the validity and credibility of the assessment. We asked if they believed 
the combined assessment was more valid, whether the amount of 
cheating would be reduced, whether teachers could better identify 
cheating and whether the credibility of the assessment was improved 
amongst the student population and in the view of the public. On the 5 
point scale from strongly disagree (1) to strongly agree (5), the average 
response was slightly over 3 (unsure) for the first three questions and 
about 4 (agree) for the two questions concerning credibility. Despite the 
teachers' uncertainty, in the eyes of the Board of Studies the new 
arrangements have been highly successful in improving the assessment 
and, from 1997, a similar test/interview process has been added to the 
Investigative project assessment. 



Discussion 

The introduction of the test requirement into the assessment of problem 
solving has had a constraining effect on the openness of the problems. If 
the problems set for the report are at all open, students can solve them in 
many ways, and some of these ways will be more suitable to answering 
the questions on the tests than others. The use of technology in The Last 
Lap problem provides one such example. According to their teachers, 
students doing this problem depended heavily on technology (graphics 
calculators or computer spreadsheets) which was not permitted in the 
test. 

The inclusion of a 'generalisation' requirement in most problems since 
the first implementation of the Problem-solving task in 1994 has only 
redressed one aspect of the loss of openness from the original Challenging 
problems . Of remaining concern is that the presentation of each problem 
as a sequence of closed questions has removed from the solver most of 
the responsibility to mathematise the situation. When a real situation is 
presented and a problem is posed and students are to provide a solution 
to the problem using any techniques that they can, as was the case with 
the Challenging Problems , there may be many paths the student can take. 
Different assumptions made in the mathematical models and different 
variables regarded as highly significant lead to substantially different 
solutions. 

Too much mathematising of the situation which is presented as a 
problem also means that the discussion of assumptions and the 
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evaluation and interpretation of results, always regarded as important 
criteria in the overall assessment of problem solving, can be stilted and 
unnatural. Particular attention needs to be given to the way in which 
these components of problem solving can be fostered and elicited in the 
presentation of problems. For example, in the presentation of The Art 
Gallery problem, the decision to use the size of the angle of vision as a 
criterion for a suitable viewing place is inherent in the question. There 
does not seem to be any encouragement in the text to alert students to 
the need to either consider or discuss whether this is a good measure. 

Allowing students two weeks to solve their chosen problem and write 
their report, which was the case for the Challenging problem and is also 
the case for the Problem-solving task , is a recognition that creative 
problem solving takes time but it was the root cause of the authenticity 
concerns that lead to the demise of the Challenging problem. The 
introduction of the test /interview process has reduced these concerns by 
providing public evidence as to whether the student understands what 
is in the report and (to a lesser extent) whether he or she is its author. 
However, the feature that distinguishes the best problem solvers is the 
'one per cent inspiration' which produces the important insight and 
breakthrough and the authorship of this can only be guaranteed under 
test conditions. This is an aspect of the assessment of problem solving 
that has always bothered VCE teachers and that it continues to do so was 
revealed by our questionnaire. Respondents considered the requirement 
that students must submit with their final report any draft material and 
a bound logbook containing all working notes to be much more 
important than the test /interview process in enabling teachers to feel 
confident about authenticating students' reports. 
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The institutionalisation of open-ended investigation: some 
lessons from the U.K. experience 

Candia Morgan 
University of London, U.K. 



Over the past fifteen or so years, 'investigation' 1 has become an official 
part of the mathematics curriculum in England and Wales. There is, 
however, a significant degree of contestation about the nature of this 
activity and its place within the curriculum. Indeed, some would argue 
that the official endorsement and consequent institutionalisation of 
investigation by government reports and curriculum and assessment 
bodies has distorted the nature of the activity to the extent that it no 
longer addresses the ideals that gave birth to it (Ernest, 1991; Lerman, 
1989; Morgan, 1996) . In this paper I intend to provide an overview of the 
development of investigation within the mathematics curriculum and to 
raise some questions about the possibility of creating a school 
curriculum that values open-ended problem solving and creative 
thinking. 

Any attempt to define investigation and to trace its presence in the UK 
curriculum inevitably encounters difficulties because of the very 
openness of the phenomenon and the multiple ways in which it has been 
interpreted. A search of the index of the journal Mathematics Teaching of 
the Association of Teachers of Mathematics (ATM) reveals articles listed 
under 'investigation' or its cognates dating from 1959, including six 
separate articles in 1968 (compared to seven in 1982 and six in 1990). 
This does not mean that teachers and pupils in 1959 or 1968 thought of 
themselves as 'doing investigations'; rather, the compilers of the index 
saw similarities between the activities described and their own 
contemporary (1992) concept of investigation. The widespread use of 
the term to describe a type of activity within the school mathematics 
curriculum dates to the early 1980s and, in particular, to the publication 
of the Cockcroft report (Cockcroft, 1982). This also marked the start of 
the process of institutionalisation and consequent transformation of the 
investigation phenomenon that will be described in this paper. 



1 I use inverted commas here to indicate that the construct 'investigation' is both multi-faceted and 
contested. Elsewhere in this paper I have omitted the inverted commas. The reader should bear in 
mind, however, that the word is never unproblematic. 
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An analysis of the discourse associated with investigation (Morgan, 
1995) finds a high degree of consensus among mathematics educators 
and official curriculum bodies about the desired properties of 
investigation in the school mathematics curriculum, although, as we 
shall see, there is less agreement about what sorts of activities might 
qualify. In principle, investigation is: 

• like doing 'real mathematics' in some way that, by implication, other 
types of school mathematics are not - in particular, it is not practice of 
skills or reproduction of standard solutions; 

• exploratory, open, creative, and 'empowering' for students, having 
possibly multiple valid outcomes rather than a single correct answer; 

• part of 'good classroom practice'. 

In practice, the kinds of activities that may be labelled investigation in 
the mathematics classroom vary substantially, including: 

• projects in which students pose and work on their own problems from 
a given unstructured starting point; 

e.g. This is a number block. 

7 14 111 125 126 



Starting with 7 and 4, work out how the rest of the number block is filled in. 
Explore other number blocks. 

(Adapted from Hunt, Huyton, & Taylor (1988).) 

• structured problems in which students are guided through a sequence 
of gathering data, spotting patterns in the data and forming 
generalisations; 

• a general 'investigative approach' during everyday classroom work 
that encourages posing and following up 'what if . . . ?' questions. 



Equally, the mathematical subject matter of investigation can vary. It 
may be directly related to the traditional content of the curriculum and, 
with teacher guidance, may lead, for example, to the 'discovery' of 
Pythagoras Theorem. Alternatively, investigation may start from a 
situation that appears only tangentially related to the rest of the school 
mathematics curriculum, 

e.g. Worms leave tracks in layers of mud. 
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A worm forms a piece of track, turns through 90°, forms another piece, turns, forms 
another piece, turns , . . . 

The drawing shows a 1,2, 3 worm; it makes one unit of track, turns, makes two units of 
track, turns, makes three units of track, turns, makes one unit of track, . . . 
Investigate worms. (ATM, 1988) 

An investigation of the latter type, while probably making use of 
knowledge and skills drawn from within the mathematics curriculum, 
may also proceed in divergent and possibly unpredictable ways that 
make it impossible to slot into a specific section of the 'content' syllabus. 

The general acceptance of the principle that effecting change in the 
curriculum must be supported (and possibly led) by assessment 
procedures (Burkhardt, 1988; Ridgway & Schoenfeld, 1994) means that 
there is also a general agreement that investigation ought to be assessed. 
I shall argue, however, that there are tensions between the desired 
properties of investigation and the requirements of an official system of 
assessment. 



The Cockcroft Report - defining official 'good classroom practice' 

The report of the Committee of Inquiry into the Teaching of Mathematics 
in Primary and Secondary Schools in England and Wales (Cockcroft, 
1982) is probably best remembered for its much quoted paragraph 243: 

Mathematics teaching at all levels should include opportunities for 

• exposition by the teacher; 

• discussion between teacher and pupils and between pupils themselves; 

• appropriate practical work; 

• consolidation and practice of fundamental skills and routines; 

• problem solving, including the application of mathematics to everyday 
situations; 

• investigational work. (p*71) 

While acknowledging that the ideas contained in this list were by no 
means new, the report went on to claim that: 

although there are some classrooms in which the teaching includes, as a 
matter of course, all the elements that we have listed, there are still many 
in which the mathematics teaching does not include even a majority of 
these elements. 
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The report thus constructed a need for change in mathematics 
classrooms 2 , specifically a need to introduce new ways of working. 
Significantly, a later section of the report makes a connection between 
this discussion of teaching styles and the form of examination at 16+. 
Having castigated timed written examinations for causing a state of 
affairs in which "practical and investigational work finds no place in 
day-by-day work in mathematics" (p.161), the conclusion is drawn that: 



Because, in our view, assessment procedures in public examinations 
should be such as to encourage good classroom practice, we believe that 
provision should be made for an element of teacher assessment to be 
included in the examination of pupils of all levels of attainment. 

(p.162, original emphasis) 

A clear identification is being made between teacher assessment in 
public examinations and 'good classroom practice', including 
investigational work. This part of the report, in particular the 
recommendation emphasised by the use of bold type in the extract 
above, may be seen as instrumental in the eventual institutionalisation of 
investigation as part of the new General Certificate of Secondary 
Education (GCSE) examination to be taken by all students at 16+. 

Within the Cockcroft Report, however, there is a certain ambiguity about 
the nature of the activity. The range of grammatical forms used to refer 
to it encapsulates this ambiguity. Firstly, the item "investigational 
work" in the list in paragraph 243, by qualifying the everyday activity 
'work', suggests that this too is just an everyday activity. Indeed, the 
only exemplification offered stresses its routine nature within the 
mathematics classroom: 



At the most fundamental level, and perhaps most frequently, 
[investigation] should start in response to pupils' questions .... The 
essential condition for work of this kind is that the teacher must be willing 
to pursue the matter when a pupil asks "could we have done the same 
thing with three other numbers?" or "what would happen if . 

Even practice in routine skills can sometimes, with benefit, be carried out 
in investigational form; for example, 'make up three subtraction sums 
which have 473 as their answer'. 3 (p-74) 



2 I use the word constructed advisedly. The report presents no evidence either of the usefulness of the 
styles it recommends or of the extent of current use of various teaching styles in classrooms. 

3 The ATM response to the final example offered in this extract illustrates some of the contention 
about the nature of investigation. Fielker claims that this is not investigational because the students' 
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